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SOME DYNAMICAL PROPERTIES FOR LINEAR OPERATORS
BINGZHE HOU, GENG TIAN, AND LUOYI SHI
Abstrat. In our another reent artile, we introdue a new dynamial prop-
erty for linear operators alled norm-unimodality whih implies distributional
haos. In the present paper, we'll give a further disussion of norm-unimodality.
It is showed that norm-unimodality is similar invariant and the spetra of
norm-unimodal operator is referred to. As an appliation, in eah nest alge-
bra there exist distributional haoti operators. Moreover, normal operators
and ompat operators with regard to norm-unimodality and Li-Yorke haos
are also be onsidered. Speially, a small ompat perturbation of the unit
operator ould be distributionally haoti.
1. Introdution and Preliminaries
A disrete dynamial system is simply a ontinuous mapping f : X → X where
X is a omplete separable metri spae. For x ∈ X , the orbit of x under f is
Orb(f, x) = {x, f(x), f2(x), . . .} where fn = f ◦ f ◦ · · · ◦ f is the nth iterate of f
obtained by omposing f with n times.
In 1975, Li and Yorke [9℄ observed ompliated dynamial behavior for the lass
of interval maps with period 3. This phenomena is urrently known under the
name of Li-Yorke haos. Therefrom, several kinds of haos were well studied. In
the present artile, we fous on distributional haos.
Denition 1.1. {x, y} ⊂ X is said to be a Li-Yorke haoti pair, if
lim sup
n→∞
d(fn(x), fn(y)) > 0, lim inf
n→∞
d(fn(x), fn(y)) = 0.
Furthermore, f is alled Li-Yorke haoti, if there exists an unountable subset
Γ ⊆ X suh that eah pair of two distint points in Γ is a Li-Yorke haoti pair.
From Shweizer and Smítal's paper [14℄, distributional haos is dened in the
following way.
For any pair {x, y} ⊂ X and any n ∈ N, dene distributional funtion Fnxy : R→
[0, 1]:
Fnxy(τ) =
1
n
#{0 ≤ i ≤ n− 1 : d(f i(x), f i(y)) < τ}.
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Furthermore, dene
Fxy(τ) = lim inf
n→∞
Fnxy(τ),
F ∗xy(τ) = lim sup
n→∞
Fnxy(τ)
Both Fxy and F
∗
xy are nondereasing funtions and may be viewed as umulative
probability distributional funtions satisfying Fxy(τ) = F
∗
xy(τ) = 0 for τ < 0.
Denition 1.2. {x, y} ⊂ X is said to be a distributionally haoti pair, if
F ∗xy(τ) ≡ 1, ∀ τ > 0 and Fxy(ǫ) = 0, ∃ ǫ > 0.
Furthermore, f is alled distributionally haoti, if there exists an unountable
subset Λ ⊆ X suh that eah pair of two distint points in Λ is a distributionally
haoti pair. Moreover, Λ is alled a distributionally ǫ-srambled set.
Distributional haos always implies Li-Yorke haos, as it requires more ompli-
ated statistial dependene between orbits than the existene of points whih are
proximal but not asymptoti. The onverse impliation is not true in general. How-
ever in pratie, even in the simple ase of Li-Yorke haos, it might be quite diult
to prove haoti behavior from the very denition. Suh attempts have been made
in the ontext of linear operators (see [3, 4℄). Further results of [3℄ were extended
in [12℄ to distributional haos for the annihilation operator of a quantum harmoni
osillator. More about distributional haos, one an see [16, 1, 10, 11, 17℄.
We are interested in the dynamial systems indued by ontinuous linear op-
erators on Banah spaes. From Rolewiz's artile [13℄, hyperyliity is widely
studied. In fat, it oinides a dynamial property "transitivity". Now there has
been got so many improvements at this aspet (Grosse-Erdmann's and Shapiro's
artiles [6, 15℄ are good surveys.). Speially, distributional haos for shift operators
were disussed by F. Martínez-Giménez, et.al. in [5℄. In a reent artile [8℄ of the
rst author, one introdue a new dynamial property for linear operators alled
norm-unimodality whih implies distributional haos.
Denition 1.3. Let X be a Banah spae and let T ∈ L(X). T is alled norm-
unimodal, if we have a onstant r > 1 suh that for anym ∈ N, there exists xm ∈ X
satisfying
lim
k→∞
‖T kxm‖ = 0, and ‖T ixm‖ ≥ ri‖xm‖, i = 1, 2, . . . ,m.
Furthermore, suh r is said to be a norm-unimodal onstant for the norm-unimodal
operator T .
Theorem 1.4 (Distributionally Chaoti Criterion [8℄). Let X be a Banah spae
and let T ∈ L(X). If T is norm-unimodal, then T is distributionally haoti.
More generally,
Theorem 1.5 (Weakly Distributionally Chaoti Criterion [8℄). Let X be a Banah
spae and let T ∈ L(X). Suppose Cm be a sequene of positive numbers inreasing
to +∞. If there exist {xm}∞m=1 in X satisfying
(WNU1) lim
k→∞
‖T kxm‖ = 0.
(WNU2) There is a sequene of positive integers Nm inreasing to +∞, suh
that lim
m→∞
#{0≤i≤Nm−1;‖T
ixm‖≥Cm‖xm‖}
Nm
= 1.
Then T is distributionally haoti.
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In the present paper, we'll show that norm-unimodality is similar invariant rstly,
and give a desription for the spetra of norm-unimodal operators. As an applia-
tion of Theorem 1.4, in eah nest algebra there exist distributional haoti operators.
At the end, normal operators and ompat operators are referred to. It is proven
that neither normal operator nor ompat operator is Li-Yorke haoti, and any
ompat perturbation of λI an't be norm-unimodal. Surprisingly, a small ompat
perturbation of the unit operator ould be distributionally haoti.
2. Norm-unimodal operators
Proposition 2.1. Let X be a Banah spae. let T,C ∈ L(X) and C be an invertible
operator. If T is norm-unimodal, then C−1TC is also norm-unimodal.
Proof. Firstly, laim that the following statements are equivalent.
(a). T is norm-unimodal.
(b). There are onstants r > 1 and N ∈ N suh that for any m ≥ N , there exist
xm ∈ X satisfying
lim
k→∞
‖T kxm‖ = 0, and ||T ixm|| ≥ ri‖xm‖, i = N,N + 1, . . . ,m.
For onveniene, denote the property (b) as P (N).
(a)⇒ (b) is obvious.
(b)⇒ (a): If P (N) holds, then for any m ≥ N − 1, there exist xm ∈ N satisfying
‖T ixm‖ ≥ ri‖xm‖, i = N,N + 1, . . . ,m+N − 1, and lim
k→∞
‖T kxm‖ = 0.
For N − 1, it is either ||TN−1xm|| ≥ rN−1||xm|| or ||TN−1xm|| < rN−1||xm||.
If ||TN−1xm|| < rN−1||xm||, set ym = TN−1xm. Then we have
||TN−1ym|| ≥ rN−1||rN−1xm|| > rN−1||TN−1xm|| = rN−1||ym||,
||T iym|| = ||T i+N−1xm|| ≥ ri||ym||, N ≤ i ≤ m, and
lim
k→∞
‖T kym‖ = 0.
So in any ase, P (N − 1) holds, i.e., there exist zm ∈ X suh that
||T izm|| ≥ ri||zm||, N − 1 ≤ i ≤ m, and lim
k→∞
‖T kzm‖ = 0.
Continue in this matter nitely, one an see (a) holds.
Now it's suient to show that C−1TC satises (b).
Suppose T is norm-unimodal. Then there is a onstant r > 1 suh that for any
m ∈ N, there exists xm ∈ X satisfying
lim
k→∞
‖T kxm‖ = 0, and ‖T ixm‖ ≥ ri‖xm‖, i = 1, 2, . . . ,m.
Choose r1 suh that 1 < r1 < r. Then there exist N1 suh that for any k ≥ N1,
(r/r1)
k ≥ ||C|| · ||C−1||. Given any m ≥ N1 , we have for N1 ≤ i ≤ m,
||(C−1TC)iC−1xm|| ≥ 1||C|| ||T
ixm|| ≥ r
i
||C|| ||xm|| ≥ r
i
1||C−1||·||xm|| ≥ ri1||C−1xm||,
and
lim
k→∞
||(C−1TC)kC−1xm|| = 0.
Therefore, norm-unimodality is similar invariant. 
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Next, let's onsider the the spetra of norm-unimodal operators. Denote D be
the unit open disk on omplex plane. Moreover, D− denoted as its losure and ∂D
denoted as its boundary.
Proposition 2.2. Let T be a norm-unimodal operator on omplex Hilbert spae.
Then there exist {λn}∞n=1 ⊂ σ(T ) ∩ D−c suh that lim
n→∞
λn = λ ∈ ∂D.
Proof. Suppose it's not true. Then aording to Riesz Deomposition Theorem, we
an obtain
T =
[
T1
T2
]
H1
H2
,
where σ(T1) = σ(T ) ∩D−, σ(T2) = σ(T )− σ(T1) and σ(T2) ⊆ {z; |z| ≥ δ > 1}
Furthermore,
T =
[
T1 ∗
T˜2
]
H1
H⊥1
,
where σ(T˜2) = σ(T2).
Sine T is norm-unimodal, then there is a onstant r > 1 suh that for any
m ∈ N, there exist xm ∈ H satisfying
lim
k→∞
‖T kxm‖ = 0, and ‖T ixm‖ ≥ ri‖xm‖, i = 1, 2, . . . ,m.
In addition,
xm = x
1
m + x
2
m, where x
1
m ∈ H1, x2m ∈ H⊥1 ,
then lim
k→∞
‖T˜2
k
x2m‖ = 0.
Aording to Spetral Mapping Theorem and Spetral Radius Formula,
r1(T˜2)
−1 = r(T˜2
−1
) = lim
k→∞
‖T˜2
−k‖ 1k .
Note r1(T˜2) ≥ δ > 1, one an hoose ǫ > 0 suh that r1(T˜2)−1 + ǫ < 1. Then there
exist M ∈ N suh that for k ≥M ,
1
‖T˜2
−k‖
≥ ( 1
r1(T˜2)−1 + ǫ
)k.
Sine as k →∞,
0← ||T˜2
k
x2m|| ≥
1
||T˜2
−k||
||x2m|| ≥ (
1
r1(T˜2)−1 + ǫ
)k‖x2m‖ ≥ ‖x2m‖,
then x2m = 0 and hene T
kxm = T
k
1 x
1
m. Consequently, for 1 ≤ i ≤ m,
||T i1x1m|| = ||T ixm|| ≥ ri||xm|| = ri||x1m||.
So r(T1) ≥ r > 1. It is a ontradition. 
Speaking intuitively, in the spetra of eah norm-unimodal operator there should
be a sequene of points outside the unit irle onverges to a point on the unit irle.
And there exist norm-unimodal operators whose spetra disjoint with the unit open
disk.
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Example 2.3. Let T be a bilateral weighted shift operator with weights {ωn}n∈Z
as
ωn =


2, if n ≥ 0
|n| − 1
|n| , if n < 0
Obviously, T is norm-unimodal but σ(T ) ∩ D = φ.
From theorem 1.4, we see norm-unimodality implies distributional haos. How-
ever, there exist distributionally haoti operators but not norm-unimodal and its
spetra oinides the unit irle.
Example 2.4. Let T be a bilateral weighted shift operator with weights {ωn}n∈Z
as
ωn =


n+ 2
n+ 1
, if n ≥ 0
|n| − 1
|n| , if n < 0
Obviously, T is distributional haoti and σ(T ) = ∂D, although it is not norm-
unimodal.
At the end of this setion, let's onsider distributional haos in nest algebra via
the tehnique of norm-unimodality.
Denition 2.5. A nest N is a hain of losed subspaes of a Hilbert spae H
ontaining {0} and H whih is losed under intersetion and losed span. The nest
algebra T (N) of a given nest N is the set of all operators T suh that TN ⊆ N for
every element N in N.
Denition 2.6. Given a nest N. For N belonging to N, dene
N− =
∨
{N ′ ∈ N; N ′ < N}
If N− 6= N , then we all N− the immediate predeessor to N , otherwise N has no
immediate predeessor.
Lemma 2.7. T (N) is a weak operator losed subalgebra of B(H).
The proof an be referred to [2℄.
Proposition 2.8. Given a nest N , then there exist an operator T in T (N) suh
that T is distributionally haoti.
Proof. If H has the immediate predeessor H1, then H1 will be onsidered. Con-
tinue in this manner, we may obtain either a hain H > H1 > H2 > · · · , or a HM
whih has no immediate predeessor.
The rst ase. Let Fi = Hi−1 ⊖ Hi and H0 = H . Choose fi ∈ Fi suh that
‖fi‖ = 1. Dene
A =
+∞∑
n=1
n−1∑
i=0
fan+i+1 ⊗ 2fan+i,
where a1 = 1 and an − an−1 = n. Sine eah fan+i+1 ⊗ 2fan+i belongs to T (N),
then A belongs to T (N) by lemma 2.7.
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The seond ase. Sine HM has no immediate predeessor,there exist a hain
N1 < N2 < · · · < Ni < · · · < HM in N suh that SOT − limi→∞ P (Ni) = P (HM ).
Let Ei = Ni+1 ⊖Ni, i ≥ 1. Choose ei ∈ Ei suh that ‖ ei ‖ = 1. Dene
B =
+∞∑
n=1
n−1∑
i=0
ean+i ⊗ 2ean+i+1,
where a1 = 1 and an − an−1 = n. Sine eah ean+i ⊗ 2ean+i+1 belongs to T (N),
then A belongs to T (N) by lemma 2.7.
One an easily see that both A and B have the form of matrix under suitable
bases as follows : 

W1
W2
.
.
.
Wk−1
.
.
.


,
where
Wk−1 =


0 2
.
.
.
.
.
.
.
.
. 2
0


(k×k)
.
T ould seem as this matrix, so one an easily prove that T is norm-unimodal
and hene is distributional haos. 
3. Normal operators and ompat operators
In this setion, we'll onsider norm-unimodality and Li-Yorke haos for normal
operators and ompat operators.
Proposition 3.1. Let N be a normal operator on separable omplex Hilbert spae.
Then N is impossible to be Li-Yorke haoti. Consequently, N is neither distribu-
tionally haoti nor norm-unimodal.
Proof. Sine N is normal, there exist nite positive regular Borel measure µ and
Borel funtion η ∈ L∞(σ(N), µ) suh that N and Mη are unitarily equivalent. Mη
is multipliation by η on L2(σ(N), µ). To see Mη being not Li-Yorke haoti, it's
suient to prove lim
m→∞
‖Mmη (f)‖ = 0 if 0 ∈ ω(f).
Let
∆1 = {z ∈ σ(N); |η(z)| ≥ 1},
∆2 = {z ∈ σ(N); |η(z)| < 1},
∆3 = {z ∈ σ(N); f(z) = 0 a.e. [µ]},
∆4 = {z ∈ σ(N); f(z) 6= 0 a.e. [µ]}.
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Sine 0 ∈ ω(f), there exist {mk}∞k=1 suh that limmk→∞ ‖M
mk
η (f)‖ = 0. Then
0← ‖Mmkη (f)‖2 =
∫
σ(N)
|ηmkf |2dµ
=
∫
∆1∩∆4
|ηmkf |2dµ+
∫
∆2∩∆4
|ηmkf |2dµ
≥
∫
∆1∩∆4
|f |2dµ+
∫
∆2∩∆4
|ηmkf |2dµ,
and hene µ(∆1∩∆4) = 0. For anym ∈ N, there exist k suh thatmk ≤ m < mk+1.
Consequently,
||Mmη (f)||2 =
∫
∆2∩∆4
|ηmf |2dµ
=
∫
∆2∩∆4
|ηmkf |2|ηm−mk |2dµ
≤
∫
∆2∩∆4
|ηmkf |2dµ
= ‖Mmkη (f)‖2.
Therefore, lim
m→∞
‖Mmη (f)‖ = 0. 
Proposition 3.2. Let K be a ompat operator on omplex Hilbert spae, then
K is impossible to be Li-Yorke haoti. Consequently, K is neither distributional
haoti nor norm-unimodal.
Proof. Aording to Riesz Deomposition Theorem, we have
K =
[
K1
K2
]
H1
H2
where σ(K1) = σ(K) ∩ D and σ(K2) = σ(K)− σ(K1) .
Furthermore,
K =
[
K1 ∗
K˜2
]
H1
H⊥1
and σ(K˜2) = σ(K2) = {µ1, µ2, . . . , µl}.
Sine K is a ompat operator , then
(1) there exists 0 < ρ < 1, N ∈ N suh that for any x ∈ H1, ‖Kn(x)‖ ≤ ρn‖x‖,
for every n ≥ N .
(2) K˜2 is similar to Jordan model J =
⊕l
i=1{
⊕ki
j=1 Jnij (µi)}, where
Jn(µ) =


µ 1
.
.
.
.
.
.
.
.
. 1
µ


(n×n)
.
Hene
K ∼ T =
[
K1 ∗
J
]
H1
H⊥1
.
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Consequently, T and K are simultaneously Li-Yorke haoti or not. At present,
it sue to onsider the ondition of only one Jordan blok J = Jn(µ).
If |µ| > 1, one an use the tehnology of proposition 2.2 to obtain the result.
Let |µ| = 1. Sine the dimension of H⊥1 is nite, then for eah y ∈ H⊥1 ,
y = y1e1 + y2e2 + . . .+ ynen,
where {e1, e2, . . . , en} is an orthonormal basis of H⊥1 .
For eah z ∈ H , there is a unique deomposition z = x + y where x ∈ H1 and
y ∈ H⊥1 . Claim that y = 0 if 0 ∈ ω(z). Suppose y 6= 0. There must be i suh that
yi 6= 0, yi+1 = yi+2 = . . . = yn = 0. Then
‖Tm(z)‖2 ≥ ‖Jm(y)‖2 = ‖


C0mµ
m C1mµ
m−1 · · · Cn−1m µm−n+1
C0mµ
m · · · Cn−2m µm−n+2
.
.
.
.
.
.
C0mµ
m




y1
y2
.
.
.
yn

‖2
= |C0mµmy1 + C1mµm−1y2 + . . .+ Cn−1m µm−n+1yn|2 +
|C0mµmy2 + C1mµm−1y3 + . . .+ Cn−2m µm−n+2yn|2 + . . .+ |C0mµmyn|2
≥ |C0mµmyi + C1mµm−1yi+1 + . . .+ Cn−im µm−n+iyn|2
= |yi|2.
It is a ontradition to 0 ∈ ω(z).
Consequently, if 0 ∈ ω(z), we have lim
m→∞
‖Tm(z)‖ = lim
m→∞
‖Km1 (x)‖ = 0. There-
fore, T is impossible to be Li-Yorke haoti, and so is K. Furthermore, K is neither
distributional haoti nor norm-unimodal. 
Proposition 3.3. Let K be a ompat operator on omplex Hilbert spae, λ ∈ C.
Then λI +K is not norm-unimodal.
Proof. If |λ| 6= 1, then the result is followed by proposition 2.2. In fat, λI +K is
not Li-Yorke haoti urrently.
Now let |λ| = 1. Let {µn}Mn=1, 1 ≤M ≤ ∞, be the spetra of σ(λI +K) ∩D−c.
Sine K is a ompat operator, then aording to Riesz Deomposition Theorem
λI +K =


T1
∗ T2
∗ ∗ T3
.
.
.
.
.
.
.
.
.
.
.
.
∗ ∗ ∗ . . . T∞


H1
H2
H3
.
.
.
H∞
where H1, H2, . . . , Hn, . . . are suh subspaes that
⊕n
j=1Hj oinides with the
Riesz subspae of (λI +K)∗ orresponding to the lopen subset {µ1, µ2, . . . , µn} of
σ((λI +K)∗), σ(Tn) = {µn} and H∞ = H ⊖ {
⊕
1≤n≤M Hn}. It is not diult to
hek that σ(T∞) ⊆ σ(λI +K)− {µn}Mn=1.
Suppose λI +K is norm-unimodal, i.e., there is a onstant r > 1 suh that for
any m ∈ N, there exists x ∈ H satisfying
lim
k→∞
‖(λI +K)kx‖ = 0, and ‖(λI +K)ix‖ ≥ ri‖x‖, i = 1, 2, . . . ,m.
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For suh x ∈ H , write x = (⊕Mn=1 xn)⊕ x∞. Then lim
k→∞
‖(λI +K)kx‖ = 0 implies⊕M
n=1 xn = 0; and ||T i∞x|| = ||(λI +K)ix|| ≥ ri||x||, 1 ≤ i ≤ m, implies r(T∞) ≥ r.
However, this is impossible sine σ(T∞) ⊆ D−. 
In the researh of hyperyliity, Herrero and Wang [7℄ gave a surprising result.
Proposition 3.4 ([7℄). For any ǫ > 0, there is a small ompat operator ‖Kǫ‖ < ǫ
suh that I +Kǫ is hyperyli.
Correspondingly, we obtain a similar result for distributional haos. Although I+
K an't be norm-unimodal, it may hold Weakly Distributionally Chaoti Criterion.
Proposition 3.5. For any ǫ > 0, there is a small ompat operator ‖Kǫ‖ < ǫ suh
that I +Kǫ is distributionally haoti.
Proof. Without losses, assume H be a separable omplex Hilbert spae. Given any
ǫ > 0. Let Ci be a sequene of positive numbers inreasing to +∞. For eah i ∈ N,
set ǫi = 4
−iǫ. Then we an selet Li suh that (1+ǫi)
Li ≥ √2Ci. Moreover, hoose
mi suh that
Li
mi
< 1
i
.
Write ni = 2mi. We an obtain a orthogonal deomposition of Hilbert spae
H = ⊕∞i=1Hi, where Hi is ni-dimensional subspae. Dene operators on eah Hi
as follows,
Si =


0 2ǫi
.
.
.
.
.
.
.
.
. 2ǫi
0


(ni×ni)
, Ki =


−ǫi 2ǫi
.
.
.
.
.
.
.
.
. 2ǫi
−ǫi


(ni×ni)
.
Then
Ii +Ki =


1− ǫi 2ǫi
.
.
.
.
.
.
.
.
. 2ǫi
1− ǫi


(ni×ni)
= (1− ǫi)Ii + Si.
Let xi = (1, 1, . . . , 1) ∈ Hi. We have for 1 ≤ n ≤ mi,
‖(Ii +Ki)n(xi)‖
= ‖((1− ǫi)Ii + Si)n(xi)‖
= ‖(
n∑
k=0
Ckn(1− ǫi)kSin−k)xi‖
≥ ‖(
n∑
k=0
Ckn(1− ǫi)k(2ǫi)n−k, . . . ,
n∑
k=0
Ckn(1− ǫi)k(2ǫi)n−k︸ ︷︷ ︸
mi
, 0, . . . , 0)‖
=
√
mi(1 + ǫi)
n
=
(1 + ǫi)
n
√
2
‖xi‖.
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Consequently,
#{0 ≤ k ≤ mi − 1; ‖(Ii +Ki)kxi‖ ≥ Ci‖xi‖}
mi
≥ #{Li, Li + 1, . . . ,mi − 1}
mi
= 1− Li
mi
.
Notie Ki is of nite rank and ‖Ki‖ ≤ 41−iǫ. Hene, Kǫ =
⊕∞
i=1Ki is a ompat
operator on H and ‖Kǫ‖ < ǫ. Sine I +Kǫ =
⊕∞
i=1(Ii +Ki), then for previous xi
seemed as in H,
(WNU1) lim
k→∞
‖(I +Kǫ)kxi‖ = 0 sine r(I +Kǫ) < 1.
(WNU2) The sequene of positive integers mi inreasing to +∞ satises
lim
i→∞
#{0 ≤ k ≤ mi − 1; ‖(I +Kǫ)kxi‖ ≥ Ci‖xi‖}
mi
= lim
i→∞
#{0 ≤ k ≤ mi − 1; ‖(Ii +Ki)kxi‖ ≥ Ci‖xi‖}
mi
= lim
i→∞
1− Li
mi
= 1.
Therefore, I +Kǫ is distributionally haoti by theorem 1.5. 
Remark 3.6. From the onstrution above, we an see that distributional haos isn't
preserved under ompat perturbations for bounded linear operators. The previous
operator I +Kǫ is a ounterexample. In fat, (I +Kǫ)− K˜i is not distributionally
haoti, where K˜i = (
⊕i
j=1 0Hj )
⊕
(
⊕∞
j=i+1Kj) is a ompat operator with norm
less than 4−iǫ.
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